Abstract. In a previous paper, the first author and Radeschi, proved the conjecture of Molino that for every singular Riemannian foliation (M, F ), the partition F given by the closures of the leaves of F is again a singular Riemannian foliation. For that they studied the linearized subfoliation F ℓ of F that roughly speaking describe the semi-local dynamical behavior of F .
Introduction
Given a Riemannian manifold (M, g), a partition F = {L} of M into complete connected submanifolds (the leaves of F ) is called a singular foliation if every vector tangent to a leaf can be locally extended to a vector field everywhere tangent to the leaves (see [6] ). A singular foliation F is called Riemannian (SRF for short) if each geodesic starting perpendicular to a leaf stays perpendicular to all leaves it meets.
A typical example of a singular Riemannian foliation is the decomposition of a Riemannian manifold M into the orbits of an isometric group action on M . Such a foliation is called homogeneous. Another example of a foliation is given by the partition of a rank k vector bundle R k → E → L with a fiberwise metric (Euclidean vector bundle for short), endowed with a metric connection, into the orbits of the holonomy groupoid of the connection. This construction is related to other important types of foliations, like polar foliations [7] or Wilking's dual foliation to the Sharafutdinov projection [8] . We should also stress that there are infinitely many examples of non homogenous SRFs on Euclidean spaces, see Radeschi [5] .
In [2] , the first author and Radeschi proved the next result, the so called Molino's conjecture.
Theorem 1.1 ([2]
). Let (M, F ) be a singular Riemannian foliation on a complete manifold M , and let F = {L | L ∈ F } be the partition of M into the closures of the leaves of F . Then (M, F ) is a singular Riemannian foliation. In order to prove Molino's conjecture, they defined two foliations on an ǫ-neighbourhood U around L i.e., the closure of a fixed leaf L. The first foliation was the so called linearized foliation F ℓ of F in U . F ℓ is a subfoliation of F spanned by the first order approximations, around L, of the vector fields tangent to F . The second foliation denoted by F ℓ was then obtained from F ℓ by taking the "local closure" of the leaves of F ℓ . Roughly speaking both foliations described the semi-local dynamical behavior of the foliation F (see Section 2 for the definitions).
The geometry of a regular foliation can be conveniently described using Lie groupoids. In fact, to any regular foliation we can associate the so-called monodromy groupoid of the foliation which contains information about the foliation and the topology of the leaves of the foliation. However, no such construction is available for singular foliations. In this paper we will construct a monodromy groupoid for the linearized foliation F ℓ . It will be called the Linear Monodromy Groupoid of F . A similar construction can also be made using the holonomy groupoid instead of the monodromy groupoid.
Let us now illustrate F , F ℓ , F ℓ in the prototypical examples described bellow.
Example 1.2. Consider an Euclidean vector bundle E over a complete Riemannian manifold B with a metric g E and a metric connection ∇ E (e.g., the Sasaki metric). Let 
where H is the holonomy groupoid associated to the connection ∇ E , i.e., the groupoid generated by all parallel transports along curves in B. The linearized foliation F ℓ = {L • there exists a (regular) Riemannian foliation F B on the complete Riemannian manifold B and an affine connection ∇ : X(B) × Γ(E) → Γ(E) such that the partial connection obtained by restricting to F B ,
is compatible with the metric g of the fibers of E.
• there exists a singular foliation F e on E so that each fiber E b is saturated and
} on a vector space E b with {0} as a leaf.
• F e is invariant by the action of the holonomy groupoid H of the connection ∇ τ , i.e., the groupoid generated by all parallel transports along curves in L ∈ F B .
Then we define the following three foliations:
. For an appropriate metric on E, the foliation F turns out to be a SRF, F ℓ becomes its linearized foliation, and F ℓ becomes the local closure of F ℓ .
Theorem 1.4. Let F be a singular Riemannian foliation on a complete manifold (M, g) and B be a closed saturated submanifold contained in a stratum of the foliation. Then (a) there exists a saturated tubular neighborhood U of B in M such that the foliations F , F ℓ , F ℓ restricted to U are foliated diffeomorphic to the foliations described in the Example 1.3 where the Euclidean vector bundle E is the normal bundle of B.
(b) The leaves of the foliations F ℓ and F ℓ restricted to U are orbits of Lie groupoids.
Interesting examples occur when B is the closure of a leaf (B = L) or the minimal stratum of F . The Lie groupoid we will construct, whose orbits are the orbits of F ℓ will be called the Linear Monodromy Groupoid of F at U . The main ingredients of the proof of item (a) were already presented in [2] . Here we put these ingredients together with help of Proposition 4.1 stressing its semi-local description (see also the discussion in Mendes and Radeschi [3] for the case where B is a closed leaf). Item (b) in the Theorem is new and we believe it establishes a natural bridge between the theories of SRFs and Lie groupoids.
The construction of the Linear Monodromy Groupoid of F at U relies on the fact that we can "lift" the foliation F ℓ to an O(n)-invariant regular foliation on the orthogonal frame bundle of the normal bundle E of B in M . The Linear Monodromy groupoid is then the quotient of the monodromy groupoid of this (regular) lifted foliation by the action of O(n). One of the purposes of this paper is to describe this Lie groupoid as the action groupoid of a Lie groupoid G ℓ ⇒ B acting through a representation on E. The groupoid G ℓ captures the geometry of the linear model of F around B.
In the particular case when F is a SRF on a tubular neighborhood U of the closure of a leaf B = L we have a second subfoliation F τ so that
Roughly speaking, the subfoliation F τ could be thought of as the foliation produced just by parallel transports of normal vectors with respect to some partial F -invariant connection. In other words, if we consider Example 1.3 applied to the particular case where B = L and E is the normal bundle of the leaf, then the partition F τ = {L τ } which has leaves L τ ξ = H(ξ) for ξ ∈ E b is a singular (smooth) subfolation. The next result also assure that the leaves of F τ are orbits of a Lie groupoid. This paper is organized as follows. In Section 2 we review preliminary facts needed in the rest of the paper. In particular we review the main ingredients of the theory of SRF that will allow us to prove item (a) of Theorem 1.4. In Section 3 we discuss the Lie groupoid structure needed to prove item (b) of Theorem 1.4 and Theorem 1.5. In these proofs frame bundles associated to the foliation are used in a natural way. The proof indicates that orthogonal frame bundles can play an important role in the study of SRF as they have been playing in the study of (regular) Riemannian foliations (see Molino's book [4] ). In Section 4 we prove item (a) of Theorem 1.4 using Proposition 4.1. Finally in Section 5 we remark that the existence of the Lie groupoid structure in Example 1.3 does not require the hypothesis that F B is a Riemannian foliation on B. By moving from the concrete case of SRF to abstract considerations in Section 5, we hope to provide the proper motivation for readers who are not experts in the theory of Lie groupoids. We also added a short appendix for the benefit of the reader. In it we present the coordinate system of the Lie groupoid G ℓ whose orbits are leaves of the foliation F ℓ of Example 1.3.
Preliminaries

2.1.
A few facts about SRF. In this section we briefly review a few facts on a singular Riemannian foliation (M, F ) extracted from [2] (see also [3] and [4] ).
2.1.1. Linearization of vector fields. Let B be a closed saturated submanifold contained in a stratum, e.g., the closure of a leaf (B = L) or the minimal stratum of F and let U ⊂ M be an ǫ-tubular neighbourhood of B with metric projection p : U → B. For each smooth vector field V in U , we can associate a smooth vector field V ℓ , called the linearization of V with respect to B, as follows:
) and h λ : U → U denotes the homothetic transformation around B, i.e., h λ (exp(v)) = exp(λv) for each v ∈ ν(B). Since the plaques of the foliation F are invariant under homothetic transformation, one can conclude that if X is a vector field tangent to F , then X ℓ is still tangent to the foliation F .
Example 2.1. Consider a SRF F on R n , where B = {0} is a leaf. Given a smooth vector field X tangent to the leaves, the associated linearized vector field is given by
Note that the linear vector field X ℓ (·) = (∇ (·) X) 0 is determined by a matrix which is skew-symmetric and hence X ℓ is a Killing vector field. In fact since X ℓ is tangent to the leaves, it is tangent to the distance spheres around 0, and therefore
for all unitary v.
The linearized foliation F
ℓ . Let D be the pseudogroup of local diffeomorphisms of U , generated by the flows of linearized vector fields tangent to F . Then the partition of U into the orbits of diffeomorphisms in D is called the linearized foliation of F (with respect to B) and is denoted by (U, F ℓ ). Since the linearization of vector fields tangent to F are still vector fields tangent to F , one concludes that F ℓ is a subfoliation of F . In other words, the leaves of F ℓ are contained in the leaves of F and F ℓ | B coincides with F | B . We now recall that F ℓ is the maximal infinitesimal homogenous subfoliation of F . In fact, given a point p ∈ B, define More generally, given a vector field X tangent to the leaves, the flow ϕ t of the linearized vector field X ℓ induces an isometry between (U p , g p ) and (U q , g q ), where q = ϕ t (p).
The local closure foliation:
Let us now recall the construction of the foliation F ℓ , that has the following properties: F ℓ ⊂ F ℓ ⊂ F ℓ and the restriction F ℓ p to each p-fiber U p is homogeneous and closed since it is formed by the orbits of K 0 p . A leaf L q of F ℓ through q is defined as:
The foliation F ℓ is an orbit like foliation, that is, a SRF (with respect to some metric) such that each infinitesimal foliation is a foliation given by orbits of a compact subgroup of O(n) (see [2] for the definition and properties).
2.1.4. The distributions K, T and N . Let us now review the definition of the 3 important distributions necessary to understand the semi-local model of F .
• K = ker p * where p : U → B.
• There exists a distribution T of rank dim F | B , which extends T F | B and is tangent to the leaves of F . The distribution T is the linearization of T with respect to B.
• Let p(q) = p and N q be the subspace of T q S p which is g p -orthogonal to K q .
The distribution N is the linearization of N with respect to B.
Note that T U = T ⊕ N ⊕ K. The next two results were proven in Section 5 of [2] . We also need a simple but important observation. 
Therefore if t → g t is a flow of a linearized foliated vector field on U p that preserves
is also a flow of a linearized foliated vector field on U q fixing F q . Therefore t →φ(g t ) is a flow of a Killing vector field that preserves F q i.e., it is containded in K 0 q .
2.2.
A few facts about Lie groupoids. Recall that a Lie groupoid is composed of two manifolds G 1 and G 0 where elements of G 1 are thought of as arrows between elements of G 0 . The maps s, t : G 1 → G 0 which associate to an arrow g ∈ G 1 its source and its targets are required to be a surjective submersions. It then follows that the space
of composable arrows is a manifold and there is a smooth multiplication map
which is associative and satisfies s(gh) = s(h) and t(gh) = t(g). A Lie groupoid G 1 also comes equipped with a smooth embedding of
which allows us to view each x ∈ M as an identity arrow 1 x whose source and target is x. Needless to say, this arrow acts as an identity: 1 x h = h, and g1 x = g for all h ∈ t −1 (x), and g ∈ s −1 (x).
Finally, there is a diffeomorphism i : G 1 → G 1 which associates to each arrow g ∈ G 1 its inverse arrow i(g) = g −1 which satisfies
We will denote a Lie groupoid by
Example 2.5. An example of a Lie groupoid that will be important throughout this paper is the Monodromy groupoid Π 1 (F ) ⇒ M of a regular foliation F on M . An arrow in Π 1 (F ) is a homotopy class of a path in a leaf of F , where the homotopies are assumed stay within the leaf and to maintain the end points of the path fixed. The source of [α] ∈ Π 1 (F ) is α(0), the starting point of α, and the target of [α] is its endpoint α(1). Multiplication is given by concatenation of paths.
The identity arrow at x ∈ M is the homotopy class of the constant path at x, and inversion is given by
The orbits of Π 1 (F ) are precisely the leaves of F .
Example 2.6. Another example of a Lie groupoid the will be used in this paper is that of a bundle of Lie groups. A bundle of Lie groups is just a Lie groupoid for which s = t. In this case, each s-fiber inherits the structure of a Lie group and we can view G 1 as a smooth family of Lie groups parameterized by G 0 .
In this paper we will be interested in applying two general constructions for Lie groupoids to the specific setting coming from the study of SRFs, namely, we will need to take the quotient of a Lie groupoid by a free and proper action of a Lie group G through automorphisms, and we will need to consider the transformation groupoid associated to a representation of a Lie groupoid on a vector bundle. We now explain these constructions.
Let G be a Lie group and G = G 1 ⇒ G 0 be a Lie groupoid. An action of G on G by Lie groupoid automorphisms is an action of G on G 1 and on G 0 such that for each a ∈ G the map
is a Lie groupoid morphism, i.e., commutes with all of the structure maps. The action is said to be free and proper if the action on G 1 is free and proper. We remark that since s : G 1 → G 0 is a surjective submersion with a global section u : G 0 → G 1 , it follows that the action on G 1 is free if and only if the action on G 0 is free and also, if the action of G on G 1 is proper then also the action on G 0 is proper.
In this paper the action that will appear naturally is a right action.
Proposition 2.7. Let G be a Lie group which acts freely and properly on a Lie groupoid G 1 ⇒ G 0 through automorphisms. Then G 1 /G ⇒ G 0 /G has an induced structure of a Lie groupoid.
Proof. We define the source and target of G/G in the obvious way:
The mapss andt are well defined because of the G-equivariance of s and t. Moreover, they are smooth surjective submersions because s, t and the projection p : G → G/G are smooth surjective submersions.
Next we define the multiplication of G/G. A pair ([g], [h]) of arrows of G/G is composable iff [s(g)] = [t(h)]
. Therefore, there exists a unique a ∈ G such that s(g) = t(h)a = t(ha). We define
The reader can easily check that the multiplication map is well defined and associative.
Moreover, we note that the multiplicationm : (G/G) 2 → G/G sits in the following comutative diagram
is a surjective submersion. It follows thatm is smooth. The other structure are defined similarly and are clearly smooth. They are defined by
[g]
Finally, we note that the unit and inverses of the quotient groupoid indeed satisfy the properties in the definition of a Lie groupoid. For example, ifs([g]) = [x], then
The other properties are proven similarly by direct computations.
We next describe the transformation groupoid associated to a representation of a Lie groupoid G 1 ⇒ G 0 on a vector bundle π : E → G 0 . Recall that a representation of G 1 ⇒ G 0 on a vector bundle π : E → G 0 is a smooth map
where G 1 × G0 E = {(g, e) ∈ G 1 ×E : s(g) = π(e)}, satisfying the following properties:
• ψ(g, ·) = ψ g : E s(g) → E t(g) is a linear isomorphism for all g ∈ G 1 ;
• 1 π(e) e = e for all e ∈ E;
• g(he) = (gh)e for all (g, h) ∈ G 2 and all e ∈ E s(h) .
Given a representation of G 1 ⇒ G 0 on a vector bundle π : E → G 0 , one obtains a new groupoid G ⋉ E called the transformation Lie groupoid of the representation. Its structure is described bellow.
The manifolds of arrows and objects are
Its source, target and multiplication is given by s(g, e) = e, t(g, e) = ge, (g, he)(h, e) = (gh, e).
Finally, its unit and inverse is given by 1 e = (1 π(e) , e), (g, e) −1 = (g −1 , ge).
An example relevant to the theory of SRFs will be given in the next section.
Lie groupoid structures
In this section we discuss the Lie groupoid whose orbits are the leaves of the foliations F ℓ and F ℓ , see Proposition 3.1. This will imply the proof of item (b) of Theorem 1.4. We also presented here the proof of Theorem 1.5.
3.1. Lie groupoid structure of F ℓ .
Proposition 3.1. Let F be a singular Riemannian foliation on a complete manifold (M, g), B be a closed saturated submanifold contained in a stratum, and U an Fsaturated ǫ-tubular neighbourhood of B. Then the leaves of the foliations F ℓ and F ℓ are orbits of a Lie groupoid.
Proof. Let us prove that the leaves of F ℓ are orbits of a Lie groupoid. A similar proof holds for the foliation F ℓ . Let us denote by E the normal bundle ν(B) of B. Set F ℓ 0 = (exp ν ) −1 (F ℓ ) and extend the foliation F ℓ 0 to E by homothety. Recall that for each linearized flow on U tangent to F we can associated a flow t → ϕ t on E so that ϕ t : E ϕ0 → E ϕt is an isometry (which will also be called the linearized flow ) and the leaves of the singular foliation F ℓ 0 are the orbits of the pseudo-group generated by these flows. Let O(E) be the orthogonal frame bundle associated to E → B. Let H τ be the distribution on O(E) induced by the partial linear connection ∇ τ described in Proposition 2.2. Note that each linearized flow t → ϕ t on E induces a flow t → ϕ t on O(E). Let F = { L} be the singular foliation obtained by compositions of these lifted flows. Then for each frame ξ b ∈ O(E b ) we have:
Since for each b ∈ B the group K 0 b (defined in Section 2) acts effectively on E b , the group K 0 b induces a free action on O(E b ) and the orbits of this action coincide with the intersection of the leaves of F with O(E b ). In particular:
does not depend on b ∈ B (recall Corollary 2.4) we infer from equations (3.1) and (3.2) that the foliation F is a regular foliation, i.e., the dimensions of the leaves are constant.
Note that the lifted flows (whose orbits are leaves of F ) induce a left action on O(E), while the action of O(n) on O(E) is an effective free right action. Therefore the foliation F is invariant by the right O(n)-action on O(E). Let Π 1 ( F ) be the monodromy groupoid of the foliation F . Note that the diagram below commutes
Also note that G acts on E along the projection π :
. Therefore, by defining G ℓ = G ⋉ E we conclude that the orbits of the Lie groupoid G ℓ are the leaves of the foliation F ℓ .
A similar construction holds forF ℓ .
Remark 3.2. In [4] , Molino studied the structure of a (regular) Riemannian foliation F on a complete Riemannian manifold B considering its lift to the associated orthogonal frame bundle. His construction could be considered a particular case of the construction above. More precisely for a regular Riemannian foliation F on Riemannian manifold B one can consider the vector bundle E as the normal bundle of the foliation ν(F ), the induced metric on ν(F ), and the partial Bott connection
In this case, since the Bott connection is flat, one sees that the lifted foliation F on O(E) is also regular.
3.2.
Proof of Theorem 1.5. As in Proposition 3.1, let O(E) be the orthogonal frame bundle associated to E → B and H τ the distribution on O(E) induced by the partial connection ∇ τ on E. Note that a parallel transport along a regular curve α ⊂ L (i.e., a curve that is a integral line of a vector field tangent to the leaves of F B ) can be described by a linearized flow t → ϕ t that can be lifted to a flow t → ϕ t on O(E). Let F = { L} be the singular foliation obtained as the orbits of the pseudo-group generated by these lifted flows. Our goal is to prove that F is a regular foliation. Once we have proved this we can follow the same argument as in the proof of Proposition 3.1, i.e., we can define G = Π 1 ( F ) as the monodromy Lie groupoid of F , set G as the Lie groupoid G/O(n) and the desired Lie groupoid G τ will be G ⋉ E. Note that for each b ∈ B the holonomy group H b (with respect to ∇ τ ) acts effectively and freely on O(E) b and the orbits of this action coincide with the intersection of the leaves of F with O(E) b . In particular
where h b denotes de Lie algebra of the holonomy group H b . Equations (3.1) (that also holds here), (3.3) , and the fact that the dimension of F is lower semi-continuous, allow us to conclude that for a slice S b of F B at b and each y ∈ S b close to b
Once F B is dense on B, we can find a sequence {b n } of points in S b so that
On the other hand, by replacing b with y and y with b n in Equation (3.4), we have that:
These equations together imply:
Therefore dim h y = dim h b for y ∈ S b near b. This fact, together with Equations (3.1) and (3.3) imply that the foliation F is a regular foliation.
Semi-local models of SRF
Based on Section 2.1 in order to prove item (a) of Theorem 1.4 it suffices to prove the proposition below. and let P b0 be a plaque through b 0 in a normal (geodesic) coordinate system, so that for each b ∈ P b0 one can associate a unique geodesic segment γ b0,b ⊂ P b0 connecting b to b 0 . Let ϕ t be the flow of a linearized vector field tangent to F . Let P γ b 0 ,b t : E bt → E b0 be the parallel transport along γ b0,bt where b t = π(ϕ t (x 0 )) and π : E| P b 0 → P b0 the base point projection. Note that t → P γ b 0 ,b t •ϕ t =: k t is a curve of isometries of E b0 that fixes F b0 and such that k 0 = Id. Therefore t → k t is a curve in K 0 b0 starting at the identity. It follows that ϕ t (
This concludes the proof.
The Structure of the Linear Monodromy Groupoid
In this section, we stress the Lie groupoid structure of Example 1.3 avoiding a direct use of the SRF structure and dropping the condition that F B is a Riemannian foliation on B. The proof of this mild generalization is analogous to the proof presented in Section 3.
The main ingredients of the construction are as follows.
(a) A rank n vector bundle R n → E → B endowed with a fiberwise metric g; (b) a (regular) foliation F B on B; (c) a partial connection ∇ τ : X(F B )×Γ(E) → Γ(E) compatible with the metric of E; (d) a bundle of Lie groups K → B, i.e., a Lie groupoid K ⇒ B = K 0 with s = t, such that:
where H p is the (leafwise) holonomy group of ∇ τ , K p is the fiber of K over p ∈ B, and Iso(E p ) denotes the group of isometries of
denotes the set of piecewise smooth curves in the leaves of F B . Using these ingredients we define a groupoid G(∇ τ , K) ⇒ B as follows: Consider the space
The space of arrows of our Lie groupoid will be the quotient of C ∞ ([0, 1], F B ) × B K by the equivalence relation which identifies (α, k α ) with (β, k β ) if and only if α and β are homotopic relative to their endpoints through a homotopy which stays inside the leaf of F B , and
The structure of the groupoid is given by
Proof. In order to prove the Proposition, we will construct a regular foliation F on O(E), the orthogonal frame bundle of E, in such a way that G(∇ τ , K) ⇒ B will be isomorphic to the quotient of the monodromy groupoid G = Π 1 ( F ) ⇒ O(E) by a free action through automorphisms of O(n). The result will then follow from Proposition 2.7.
As in Section 3 parallel transports induce linearized flows that can be lifted to flows on O(E). Also, since the (fiberwise) action of K on E is through isometries (condition (d)), it lifts to an action on O(E). Let F be the singular foliation on O(E) obtained by compositions of the lifted flows and the lifted action of K. Conditions (d) also implies Equation (3.2) . This equation, Equation (3.1) and the fact that the dimension of K p is constant w.r.t. p ∈ B (since they are the fibers of a submersion) imply that F is regular. By setting G as the monodromy groupoid of F , we have that G/O(n) is a Lie groupoid.
Finally we present the groupoid isomorphism ψ : We defineψ :
It is easy to see thatψ is a well defined O(n)-invariant groupoid morphism covering the projection π : O(E) → B. We note, moreover, that since any path α : I → L can be lifted to a pathα : I → L for some leaf L ⊂ O(E) which projects to L, it follows thatψ is surjective. Therefore, it induces a surjective groupoid morphism
covering the identity map on B. We claim that ψ is an isomorphism. To see this, all we must show is that ψ is injective. In fact, suppose that
where c p is the constant path at p = π(α(0)), and 1 p is the identity element in K p . Thenα is homotopic to a path which stays inside the fiber over p of O(E), from where it follows that [α] mod O(n) is trivial. Thus, ψ is an isomorphism and we can use ψ to transfer the smooth structure of
. This concludes the proof. Corollary 2.4 implies that K is in fact a Lie groupoid that fulfills the conditions described in this section. Setting G ℓ := G(∇ τ , K) ⋉ E we conclude that the orbits of the Lie groupoid G ℓ are the leaves of the foliation F ℓ . Similar construction holds for F ℓ .
Appendix A. Coordinate system of the Lie groupoid G ℓ In this appendix we present a coordinate system of the Lie groupoid G ℓ whose orbits are leaves of the foliation F ℓ of Example 1.3, recall Section 5 in particular Remark 5.2.
Let α ∈ C ∞ ([0, 1], F B ) be piece-wise smooth curve contained in a leaf of F B . For each α(i) (i = 0, 1) let U i denote a simple neighborhood of F B around α(i) i.e., a neighborhood diffeomorphic to a convex neighborhood Ω i of R l × R k such that the plaques in U i are diffeomorphic to open sets of R l × {y i } and such that a slice S i at α(i) is diffeomorphic to an open set of {0} × R k . From now on we will identify U i with Ω i . In particular we will identify α(i) ∈ U i with (0, 0) and each point in U i will be denoted by (x i , y i ), where (x i , 0) ∈ P i (i.e., the plaque in U i containing α(i)) and (0, y i ) belongs to the slice S i ⊂ {0} × R k at α(i). Let φ α : S α(0) −→ S α(1) be the holonomy map of the foliation F B along α. Then for (0, y 0 ) ∈ S α(0) , we define the curve α (0,y0) : [0, 1] ⊂ R −→ L (0,y0) as α (0,y0) (t) := φ α| [0,t] (0, y 0 ). Finally given (x 0 , y 0 ) ∈ U 0 and (x 1 , 0) ∈ P 1 we define a curve α x0,y0,x1 : [0, 1] → L (x0,y0) as α x0,y0,x1 := ℓ (x1,φα(y0)),(0,φα(y0)) * α (0,y0) * ℓ (0,y0),(x0,y0) , where
• ℓ (0,y0),(x0,y0) is the line joining the point (x 0 , y 0 ) to the point (0, y 0 ), • ℓ (x1,φ(y0)),(0,φ(y0)) is the line joining (0, φ α (y 0 )) to (x 1 , φ α (y 0 )).
Once we have fixed the above notation, we can present the coordinate system (U α , Φ α ) of G l . The domain is defined as: We finish this section by describing the transition maps. Consider (Φ α , U α ) and (Φα, Uα) two coordinate systems, such that U α ∩ Uα = ∅. The domain of this transition map is K 0 α(0) × U s αα where U s αα is the set of points ((x 0 , y 0 ), x 1 ) ∈ U 0 × P 1 so that for each of these points one can find another point ((x 0 ,ỹ 0 ),x 1 ) ∈ U 0 × P 1 so that α x0,y0,x1 ∼αx 0,ỹ0,x1 . Similarly the image of the transition map is K 0 α(0) × U t αα where U t αα is the set of points ((x 0 ,ỹ 0 ),x 1 ) ∈ U 0 × P 1 so that for each of these points, one can find another point ((x 0 , y 0 ), x 1 ) ∈ U 0 × P 1 so that α x0,y0,x1 ∼αx 0 ,ỹ0,x1 . The transition map is given by Φα • Φ • ψ α (x 0 , y 0 ) −1 (k) . Note thatx 0 depends smoothly on (x 0 , y 0 ),ỹ 0 depends smoothly on y 0 andx 1 depends smoothly on (x 1 , y 0 ).
